A kinematic theory for radially foldable planar linkages  by Patel, Jiten & Ananthasuresh, G.K.
International Journal of Solids and Structures 44 (2007) 6279–6298
www.elsevier.com/locate/ijsolstrA kinematic theory for radially foldable planar linkages
Jiten Patel a, G.K. Ananthasuresh b,*
a Mechanical Engineering, Indian Institute of Technology-Madras, Chennai 600036, India
b Mechanical Engineering, Indian Institute of Science, Bangalore 560 012, India
Received 25 May 2006; received in revised form 18 January 2007
Available online 16 February 2007Abstract
By using the algebraic locus of the coupler curve of a PRRP planar linkage, in this paper, a kinematic theory is devel-
oped for planar, radially foldable closed-loop linkages. This theory helps derive the previously invented building blocks,
which consist of only two inter-connected angulated elements, for planar foldable structures. Furthermore, a special case
of a circumferentially actuatable foldable linkage (which is diﬀerent from the previously known cases) is derived from the
theory. A quantitative description of some known and some new properties of planar foldable linkages, including the
extent of foldability, shape-preservation of the interior polygons, multi-segmented assemblies and heterogeneous circum-
ferential arrangements, is also presented. The design equations derived here make the conception of even complex planar
radially foldable linkages systematic and straightforward. Representative examples are presented to illustrate the usage of
the design equations and the construction of prototypes. The current limitations and some possible extensions of the the-
ory are also noted.
 2007 Elsevier Ltd. All rights reserved.
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From the simple lazy tongs to the complex deployable space structures, foldable linkages consisting of only
rigid bars and revolute joints (hinges) exhibit intriguing motion that is also aesthetically pleasing. Their appli-
cations range from consumer products and toys to architectural applications and massive deployable space
structures. Design of such linkages is complicated by one simple fact: they are kinematically over-constrained.
It is their particular arrangement of specially designed and suitably proportioned rigid links that renders them
mobile often with a single degree of freedom. Therefore, we often see such linkages as inventions rather than
as results of systematic analysis and design. Two such examples are shown in Figs. 1 and 2 (Hoberman, 1991).
In Fig. 1, we see the Hoberman’s sphere—a popular toy in recent times (www.hoberman.com). Its planar ver-
sion is shown in Fig. 2. Now, consider a general arrangement shown in Fig. 3. The focus of this paper is on
ﬁnding answers to the questions: what kinematic criteria would make the over-constrained planar0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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Fig. 1. Hoberman’s radially foldable sphere (a) folded (b) unfolded. Pictures are from Hoberman (http://www.hoberman.com).
Fig. 2. Hoberman’s planar foldable linkage. The basic building block is shown using superimposed red angulated line in a–c. (a) also
highlights the basic pair that folds. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web
version of this article.)
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Fig. 3. An arbitrary closed loop of a potentially foldable planar linkage. The hatched and shaded rigid triangles lie in two parallel planes
to avoid interference among them.
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mobility? This paper answers these questions by deriving kinematic design equations that not only help
explain Hoberman’s invention but also help derive some of the inventions of You and Pellegrino (1996)
and a new special arrangement that has not been known previously.
According to You and Pellegrino (1996), there are two types of foldable structures. Some are speciﬁc in that
their arrangement of bars and revolute joints gives their speciﬁc foldability while others consist of repeating
building blocks that can lead to a variety of foldable designs. In the latter type, a remarkable invention of a
patented angulated bar element by Hoberman (1991) has proved to be versatile in giving a wide range of 2-D
and 3-D foldable structures with a single degree of freedom. Indeed the basic building block of the linkage in
Fig. 2 is a bent bar with an obtuse angle as shown by thick angulated lines in all three ﬁgures. In this structure
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shown. According to the Grubler’s formula1 (Erdman et al., 2001), it has 3(16-1)  2(24)0 = 3 degrees of
freedom. Then, how did Hoberman arrive at the above arrangement and the lengths and the angle of his build-
ing block so that it can fold with a single degree of freedom? Is this the only radially foldable linkage? The
answer is ‘no’ because You and Pellegrino (1996) have reported their inventions of two classes of generalized
angulated elements (GAEs) and their generalizations. They give many examples of not only circular but also
general shapes that can fold in this manner. In this paper, based on a simple kinematic interpretation we derive
general conditions of foldability and present the kinematic basis for the Hoberman’s and You and Pellegrino’s
designs2. Furthermore, we also present conditions for shape-preservation of the interior inscribed polygon
(shown with a dotted line in Fig. 3).
Because the focus of this paper is on the kinematic analysis of foldable structures, it is pertinent to note that
the kinematic treatment of foldable linkages is receiving increasing attention in recent years. Wohlhart (1995)
reported a number of three dimensional foldable linkages. Langbecker (1999) presented a kinematic analysis
of scissor structures and derived the foldability conditions. The basic element of a scissor structure is a pair of
straight bars connected with a revolute joint to form an X (scissor) shape. Lazy tongs is an example of such a
structure. Langbecker also considered Hoberman’s angulated element but not the more general ones discov-
ered by You and Pellegrino (1996). Dai and Rees Jones (1999) analyzed the mobility of foldable mechanisms
which belong to a general class of metamorphic mechanisms. They used the principles of screw theory to arrive
at mobility conditions (Dai et al., 2004). Agrawal et al. (2002) presented a design methodology for construct-
ing foldable linkages of general shapes. Langbecker and Albermani (2000) discussed the geometric design of
foldable structures of positive and negative curvatures and also analyzed the structural response of such struc-
tures. Pﬁster and Agrawal (1999) considered the dynamics of suspended foldable structures. While the above
works used sophisticated analytical tools such as the screw theory and the Euler–Liouville equations or plain
trigonometry, the present work uses the classical theory of algebraic equations of loci of points in a linkage.
This simple theory surprisingly leads to many insights into the kinematics of planar foldable linkages and
helps derive previously invented designs and also one previously unknown design.
In the next section, our recent work (Patel and Ananthasuresh, 2005) on kinematic interpretation of radi-
ally foldable linkages and the equation of a coupler curve are brieﬂy reviewed. This paper utilizes and adds to
it to derive the conditions of foldability and shape-preservation and other new kinematic insights including the
extent of foldability, heterogeneous arrangements of basic pairs of angulated elements, multi-segmented
assemblies, etc. A new circumferentially actuatable building block is derived. Some concluding remarks are
in order at the end of the paper.2. Kinematic interpretation of radially foldable linkages
Fig. 4a shows a pair of Hoberman’s angulated elements that enclose an angle a at the center. Since points A,
C, D and E are constrained to move along either of the dashed lines, we can interpret the two angulated ele-
ments as a pair of connected PRRP (prismatic-revolute-revolute-prismatic) linkages. A PRRP linkage consists
of two sliding (prismatic) joints and two hinge (revolute) joints. Fig. 4b shows one angulated element ABC. It
should be observed that in the Hoberman’s element, point B, which we can call the coupler point of the PRRP
linkage, traces a radial line indicated as a dotted line in Fig. 4b. But, if we take a general pair of angulated
elements (or equivalently a pair of general PRRP linkages) as in Fig. 4c, we can see that Grubler’s formula
gives zero degrees of freedom: {n = 7, j1 = 9, j2 = 0}) 3(n  1)  2j1  j2 = 03. Thus, this pair is immovable
in general. But its mobility is essential for the foldability of the polar array of such a pair when it constitutes a1 In a planar linkage consisting of n rigid bars connected by j1 joints that allow one relative motion (as in hinges and sliders) and j2 joints
that allow two relative motions (as in a cam-follower pair with rolling and sliding) between the two bars they connect, then the degrees of
freedom of mobility of the linkage is given by 3(n  1)  2j1  j2, which is known as the Grubler’s formula for planar linkages.
2 This paper refers to only some of the inventions presented by You and Pellegrino (1996). The angulated element set consisting of
intermediate parallelogram loops is not addressed in this paper.
3 n = 7 because there are two rigid triangles, four sliders and the ﬁxed reference frame, j1 = 9 because there are four sliding joints and ﬁve
hinges.
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Fig. 4. Kinematic interpretation of Hoberman’s angulated element (a) a pair of Hoberman’s angulated elements (b) a PRRP linkage
interpretation of an angulated element (c) a pair of general PRRP linkages sharing a common coupler point B.
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degree of freedom, we can say that the two pairs will be movable if they both share the same coupler curve
at point B. This is a simple but eﬀective condition as can be seen when the equation of the coupler curve is
derived next.2.1. Equation of the coupler curve of a PRRP linkage
The equation of the coupler curve of a RRRR planar four-bar linkage is a special sextic with many inter-
esting properties (Hunt, 1978). There have been attempts to synthesize path-generating four-bar linkages using
its equation (Blechschimdt and Uicker, 1986; Ananthasuresh and Kota, 1993). Using the same procedure as
the one described by Hunt (1978), the algebraic equation of the coupler curve of a PRRP linkage is derived
below.
From Fig. 5, by choosing the three geometric variables {p, q, /, a} that deﬁne the linkage and another
parameter c that decides a particular conﬁguration of the linkage, the coordinates of points A, B and C
can be written as follows:B : fx; yg ð1aÞ
A : fx p cos c; y p sin cg ð1bÞ
C : fxþ q cosðp /þ cÞ; yþ q sinðp /þ cÞg ð1cÞBy noting that point A’s y-coordinate is zero and point C’s y-coordinate divided by its x-coordinate is tan a,
two equations are obtained to solve for sin c and cos c. That is, we getsin c ¼ y
p
ð2aÞ
cos c ¼ q cos/ q tan a sin/ pð Þyþ p tan að Þx
pq sin/þ tan a cos/ð Þ ð2bÞThen, by using the identity sin2c + cos2c = 1, we get the following equation of the coupler curve of point B.Cx2x
2 þ Cy2y2 þ Cxyxyþ C ¼ 0 ð3Þpα
q
φ 
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Fig. 5. The schematic of a PRRP linkage and its coupler point, B.
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Cy2 ¼ q2 þ q2 tan2 aþ p2  2pq cos/þ 2pq tan a sin/ ð4Þ
Cxy ¼ 2pq tan2 a sin/þ 2pq tan a cos/ 2p2 tan a
C ¼ p2q2ðtan a cos/þ sin/Þ2Compared to the full form of a 2nd degree polynomial equation, which is shown below, Eq. (4) has a short-
ened form with g = f = 0.ax2 þ by2 þ 2hxyþ 2gxþ 2fyþ c ¼ 0 ð5ÞFor diﬀerent values of {p, q, /, a} in the PRRP linkage, Eq. (4) will represent diﬀerent geometric entities as
summarized below using the coeﬃcients of Eq. (5).ðiÞ A pair of straight lines if D ¼ abcþ 2fgh af 2  bg2  ch2 ¼ 0: ð5aÞ
ðiiÞ A parabola if h2  ab ¼ 0 and D 6¼ 0: ð5bÞ
ðiiiÞ A hyperbola if h2  ab > 0 and D 6¼ 0: ð5cÞ
ðivÞ An ellipse if h2  ab < 0 and D 6¼ 0: ð5dÞ
ðvÞ A pair of parallel or coincidental lines if h2  ab ¼ 0 and D ¼ 0: ð5eÞ
ðviÞ A circle if a ¼ b and h ¼ 0: ð5fÞWe will now use this equation to derive several properties—some of which are previously known—of radially
foldable linkages.3. Properties of radially foldable linkages
By referring to Fig. 3, with the help of the above kinematic interpretation and the equation of the coupler
curve, we can derive the conditions for foldability and shape-preservation. By ‘foldability’, we mean that the
linkage will have mobility with a positive number of kinematic degrees of freedom. We prefer that the number
of degrees of freedom be one in practice so that one actuator is enough to obtain deterministic motion. The
complete foldability can be deﬁned as the ability of the linkage to have all of its pivots that constitute the
inscribed polygon (shown as a dotted line in Fig. 3) meet at the center. Alternately, complete foldability
can also be deﬁned as the ability of the linkage to have the area of the inscribed polygon reduce to zero.
By ‘shape-preservation’ we mean that the shape of the inscribed polygon in Fig. 3 retains its shape as the link-
age folds radially inwards or outwards. For the example shown in Fig. 2, this inscribed polygon is a regular
octagon.
3.1. Foldability condition
From Fig. 4c, it can be observed that the pair of PRRP linkages will have one degree of freedom
when they both share the same coupler curve at their common point B. Now, if take two arbitrary
instances of the parameters {p, q, /}, i.e., {p1, q1, /1} and {p2, q2, /2}, for the same a, what relationship
among them gives rise to the same equation of the coupler curve? This can be answered by looking at
the coeﬃcients of x2, y2, xy and the constant term in Eq. (4) by substituting {p1, q1, /1} and {p2, q2, /2}
for {p, q, /}. When the coeﬃcients in the resulting two equations are the same or when the coeﬃcients
in one set are multiples of the respective coeﬃcients in the other set by the same scalar multiple, we can
conclude that they both have the same coupler curve. Such a pair of PRRP linkages will have a mobility
of one.
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Note that a is the same for both cases since both PRRP linkages should enclose the same angle for obtaining a
closed-loop linkage when pairs of PRRP linkages are arranged circumferentially to cover 360.Cx2ðp1; q1;/1; aÞ ¼ Cx2ðp2; q2;/2; aÞ ð6aÞ
Cy2ðp1; q1;/1; aÞ ¼ Cy2ðp2; q2;/2; aÞ ð6bÞ
Cxyðp1; q1;/1; aÞ ¼ Cxyðp2; q2;/2; aÞ ð6cÞ
Cðp1; q1;/1; aÞ ¼ Cðp2; q2;/2; aÞ ð6dÞBy examining the coeﬃcient Cx2 in Eq. (4), we conclude that p1 = p2. This leaves three equations (i.e., Eqs.
(6b)–(6d)) in four variables (i.e., {q1, /1, q2, /2}). When these equations are solved for any three variables
using the symbolic manipulation software Maple (2006), or by observation, we obtain the following solutions
in addition to the trivial solution, q1 = q2 = 0.q1 ¼ q2 and /1 ¼ 2ðp aÞ  /2 when p1 ¼ p2 ð7aÞ
q1 ¼ q2 and /1 ¼ /2 ¼ ðp aÞ when p1 ¼ p2 ð7bÞ
p2 ¼ mp1; q2 ¼ mq1 when /1 ¼ /2 ¼ ðp aÞ ð7cÞThe second solution Eq. (7a) is the same as the generalized angulated element of the ﬁrst kind (GAE 1) in-
vented by You and Pellegrino (1996). The second solution Eq. (7b) is an obvious solution where the two
PRRP linkages are identical. This is called a scissors linkage in the literature (e.g., Pﬁster and Agrawal,
1999). It is observed that when /1 = /2 = / = (p  a), the coeﬃcient C in Eq. (4) is zero. This is an interesting
solution when we observe that all the terms in the non-zero coeﬃcients fCx2 ;Cy2 ;Cxyg, have p2, q2 or pq in
them. This means that Eq. (7c) is also a solution for any scalar m (which should be positive in practice since
lengths cannot be negative). This solution is nothing but the generalized angulated element of the second kind
(GAE 2), which was already invented by You and Pellegrino (1996). Further analysis of GAE 1 and GAE 2
using the coupler curve equation reveals their other previously known interesting and practically useful
features.3.1.1. GAE 1
In GAE1, as seen in Eq. (7a) and as shown in Fig. 6, there is a simple condition of isosceles triangle that
relates the two instances of {p, q, /}. Note that we have used the parameters {p1, q1, /1} for one PRRP linkage
and {p2, q2, /2} for another. Since p1 = p2 and q1 = q2, we observe that the triangles ABE and DBC are isos-
celes such that AB = EB and DB = CB. Under this condition, we can see that the relationship between /1 and
/2 shown in Eq. (7a) can be deduced as follows.
Perpendiculars BT1 and BT2 are drawn in Fig. 6 so that OT1BT2 becomes a cyclic quadrilateral leading to
the relationship given in Eq. (7a).O A ET1
B
D
T2
C
p1
q1
p2
B
A
C
α 
φ1
B
φ2
q2
Fig. 6. The case of isosceles triangles (GAE 1).
J. Patel, G.K. Ananthasuresh / International Journal of Solids and Structures 44 (2007) 6279–6298 6285aþ \T 1BT 2 ¼ p
) aþ \T 1BAþ \ABDþ \DBT 2 ¼ p
) aþ \DBE \ABD
2
þ \ABDþ \ABC \ABD
2
¼ p ð8Þ
) \DBEþ \ABC ¼ /2 þ /1 ¼ 2ðp aÞIt is important to note that under the isosceles triangles condition, the coupler curve shared by the two PRRP
linkages is an ellipse as can be checked with Eq. (5d). On the other hand, GAE 2’s coupler curve degenerates
into a pair of identical radial lines with interesting consequences.3.1.2. GAE 2
You and Pellegrino (1996) deﬁned GAE 2 as one in which triangles ABE and DBC in Fig. 7 are similar.
This geometric condition reported by You and Pellegrino to give foldability is the same as the one given
by Eq. (7c) to have a common coupler point between two PRRP linkages. To show that the conditions in
Eq. (7c) give the property of similar triangles, we cast the conditions in Eq. (7c) in an alternate form by using
{r, s, t} instead of {p, q, /} to describe a PRRP linkage. The physical meaning of the new symbols is indicated
in Figs. 7d and e. By noting that / = p  a = \ABT + \CBT where T is the foot of the perpendicular from B
to AC (see Fig. 7d), we can write the following (note that this is a general property for any GAE 2 type PRRP
linkage and hence the subscript 1 is dropped below).tan/ ¼ tanð\ABTþ \CBT Þ ¼ tanð\ABT Þ þ tanð\CBT Þ
1 tanð\ABT Þ tanð\CBT Þ
¼ r=t s=t
1 rs=t2 ¼
tðrþ sÞ
t2  rs ð9Þ
Then; tan/ ¼  tan a) tan a ¼ tðrþ sÞ
rs t2In order to prove the property of similar triangles, we state and prove two propositions: (i) When DABE and
DDBC are similar it leads to Eq. (9) (or Eq. (7c)), and (ii) When Eq. (9) (or Eq. (7c) is satisﬁed, DABE and
DDBC are similar.
Proof of proposition 1: By referring to Fig. 7a, due to the similarity of DABE and DDBC, we can writeðiÞ\AEB ¼ \CDB and ðiiÞ\EAB ¼ \DCB ð10Þ
By noting that\AEB ¼ \AEDþ tan1ðt2=r2Þ ¼ \OEDþ tan1ðt2=r2Þ
\CDB ¼ p tan1ðt2=s2Þ  \ODE ¼ p tan1ðt2=s2Þ  ðp a \OEDÞ ð11Þfrom (i) of Eq. (10), we getO A E
B
D
p2
q2
p1
q1
B
B
A
α 
C C
E
D
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s2 t2
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Fig. 7. The case of similar triangles (GAE 2).
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) a ¼ tan1ðt2=r2Þ þ tan1ðt2=s2Þ ¼ tan1 t2ðr2 þ s2Þr2s2  t22
 
) tan a ¼ t2ðr2 þ s2Þ
r2s2  t22
ð12ÞThe last condition is the same as Eq. (9). To prove the condition in Eq. (7c), we begin with the last part of Eq.
(12) and re-arrange its right hand side as follows.tan a ¼
t2
r2
þ t2s2
1 t2r2
t2
s2
¼ tanð\DEBÞ þ tanð\EDBÞ
1 tanð\DEBÞ tanð\EDBÞ
) tan a ¼ tanð\DEBþ \EDBÞ ð13Þ
) a ¼ \DEBþ \EDBFrom the triangle DEBD, we note that/2 þ \DEBþ \EDB ¼ p ð14Þ
From Eqs. (13) and (14), we arrive at the condition in Eq. (7c).
Similarly, from (ii) of Eq. (10) and DABC, we can show thattan a ¼ t1ðr1 þ s1Þ
r1s1  t21
and /1 ¼ p a ð15ÞProof of proposition 2 (converse of proposition 1):
Now, we havetan a ¼ t1ðr1 þ s1Þ
r1s1  t21
and tan a ¼ t2ðr2 þ s2Þ
r2s2  t22
ð16ÞWe take the ﬁrst one of Eq. (16) and divide the numerator and the denominator of the right hand side by r1s1
and re-arrange to gettan a ¼ ðt1=r1Þ þ ðt1=s1Þ
1 ðt1=r1Þðt1=s1Þ ð17Þ
) a ¼ tan1 ðt1=r1Þ þ ðt1=s1Þ
1 ðt1=r1Þðt1=s1Þ
 
¼ tan1ðt1=r1Þ þ tan1ðt1=s1Þwhich is the same as Eq. (13) that can be arranged to give the result that \ABE = \CDB. Similar procedure
for the second part of Eq. (16) gives \EAB = \DCB. This leads to the conclusion that DABE and DDBC are
similar.
Another new and interesting property of GAE 2 type PRRP linkage-pair (or in fact any PRRP linkage that
satisﬁes Eq. (7c) or Eq. (9)), which was mentioned earlier, is revealed by the equation of the coupler curve, i.e.,
Eq. (4). When we substitute the expressions of coeﬃcients from Eq. (4) along with Eq. (7c) (i.e., / = p  a)
into Eq. (5e), which is the condition for a general quadratic curve to reduce to a pair of identical lines. Thus,
Eq. (7c) (and equivalently Eq. (9)) gives a coupler curve that is a radial line. It is proved in the next subsection.
This fact is useful in revealing more properties such as the extent of foldability, preservation of shape of the
interior polygon, multi-segmented assemblies, etc., as presented later. Before discussing these, we observe two
more facts that help us see the relationship between GAE 1 and GAE 2 and also Hoberman’s invented GAE.
3.1.3. GAE 2 is a special case of GAE 1 from the viewpoint of the coupler curve
As noted earlier, the coupler curve of a PRRP linkage of type GAE 1 is an ellipse. The ratio of the major
and minor axes of this ellipse depends on the linkage parameters {p, q, /}. It is interesting to note that the
coupler curve of a GAE 2 type PRRP linkage is a straight line or rather a pair of identical straight lines.
We can analytically verify this by checking the conditions in Eq. (5e) using the expressions of coeﬃcients given
in Eq. (4) as explained below. First, since f = g = 0 in Eq. (5), D = 0 and h2 = ab are equivalent. Using Eq. (4),
we notice that
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b ¼ q2 þ q2 tan2 aþ p2  2pq cos/þ 2pq tan a sin/ ð18Þ
h ¼ pq tan2 a sin/þ pq tan a cos/ p2 tan aUnder the GAE 2 condition, namely / = p  a, we can deduce that h2 = ab.
h2 ¼ p2 tan2 aðq tan a sin/þ q cos/ pÞ2
¼ p2 tan2 aðq tan a sin aþ q cos aþ pÞ2
¼ p2 tan2 a q sin
2 aþ q cos2 aþ p cos a
cos a
 2
¼ p2 tan2 a qþ p cos a
cos/
 2
and ð19Þ
ab ¼ p2 tan2 aðq2 þ q2 tan2 aþ p2  2pq cos/þ 2pq tan a sin/Þ
¼ p2 tan2 a q
2 þ p2 cos2 aþ 2pq cos3 aþ 2pq cos a sin2 a
cos2 /
 
¼ p2 tan2 a q
2 þ p2 cos2 aþ 2pq cos a
cos2 /
 
¼ p2 tan2 a qþ p cos a
cos/
 2
Now, because the degenerated pair of straight lines is a special case of an ellipse, we can say thatGAE2 is a special
case of GAE 1 from the viewpoint of their coupler curves. Indeed by examining the relationships between/1 and
/2 inEqs. (7c) and (7a),we can see thatwe getEq. (7a) fromeqn. (c)when/1 = /2 andm = 1.That is,/2 is true for
GAE 2 but with a particular case of the two angles being equal to /2. In this sense, GAE 2 (Eq. (7c)) can be re-
garded as the special case ofGAE1 (Eq. (7a)). But then as shown above, when/1 = /2, it leads to another kind of
generality because the coeﬃcient of the constant term in the coupler curve vanishes and the coeﬃcients of the
remaining three terms change proportionately by the factorm in Eq. (7c). Thus, it is worth noting that, for a ﬁxed
overall size and a chosen value of a, there are numerous GAE 2 type PRRP pairs because of the free parameterm
in Eq. (7c). Hence, GAE 2 ought to be recognized as a diﬀerent type as has been done by You and Pellegrino
(1996). Hoberman’s angulated element is a special case of GAE 2 with m = 1, as discussed next.
3.1.4. Hoberman’s linkage as a special case
We note that the condition of Eq. (9) (or Eq. (7d)) is more general than a Hoberman’s angulated element.
In his design, the two triangles (or the angulated bars) in the PRRP-linkage pair are identical and hence the
triangles are congruent. That is, m = 1 implies that r1 = r2 = s1 = s2 (or p1 = q1 = p2 = q2) in addition to
t1 = t2 (or /1 = /2). Then, Eq. (9) gives the following result:tan a ¼ t1ðr1 þ s1Þ
r1s1  t21
¼ 2t1r1
r21  t21
¼ 2ðt1=r1Þ
1 ðt1=r1Þ2
) tanð2  a=2Þ ¼ 2 tanðtan
1ðt1=r1ÞÞ
1 tan2ðtan1ðt1=r1ÞÞ ð20Þ
) tanða=2Þ ¼ ðt1=r1Þ ¼ ðt1=s1Þ
The last equation shows the condition of Hoberman’s angulated element. Thus, Hoberman’s linkage of Figs.
2a–c is easily seen as a special case of designs governed by Eq. (9) (or Eq. (7c)). It is important to note that
Hoberman’s element simultaneously satisﬁes the conditions that deﬁne both GAE 1 and 2. This fact was noted
in You and Pellegrino (1996). The coupler curve of the Hoberman’s angulated element is a radial straight line.
Next, we show that a previously unknown circumferentially actuatable angulated element (CAAE) is possible
when the coupler curve becomes a circle.
3.1.5. CAAE, a new special type of an angulated element
The planar foldable linkages based on the known GAEs need to be actuated radially because they have
points that move on radial straight lines. It will be interesting if one of the three points of an angulated is made
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is an ellipse, are chosen such that the coupler curve reduces to a circle. From Eqs. (5) and (5f), we get the fol-
lowing two equations that need to be satisﬁed by the three parameters {p, q, /} for a given enclosing angle a.Fig. 8.
point A
Fig. 9.
elemen
and B’h ¼ pq tan2 a sin/þ pq tan a cos/ p2 tan a ¼ 0 ð21aÞ
a b ¼ ðp2 tan2 aÞ  ðq2 þ q2 tan2 aþ p2  2pq cos/þ 2pq tan a sin/Þ ¼ 0 ð21bÞAs shown in Appendix A, the pair of equations in Eq. (21) has two solutions.p ¼ q; / ¼ 0 ð22aÞ
p ¼ q; / ¼ 2a ð22bÞThe ﬁrst solution Eq. (22a) is trivial because it reduces GAE 1 to simply a pair of coincident cranks because /
= 0. The second solution Eq. (22b) gives rise to what can be called a Circumferentially Actuatable Angulated
Element (CAAE). Even though it is a special case of GAE 1, it has not been reported in the current literature.
In this special element, the negative value of the kink angle / is to be interpreted as denoting the three points
{A, B, C} in the counterclockwise direction rather than clockwise, which is how it is shown in Fig. 5 and oth-
ers. The resulting novel CAAE is shown in Fig. 8a.
It can be seen in Fig. 8a that as points A and C move on lines OOA and OOc, respectively, the coupler point
B traces a circle. It is illustrated in the ﬁgure by showing three positions of the building block. Because point B
moves on a circle, it provides for the circumferential actuation of this building block using a rotary motor.
This has practical advantages that become clear when closed-loop linkage arrangements are constructed using
CAAEs. Fig. 8b shows a pair of CAAEs connected so that they have a common point. Note that the common
point is not the coupler point. When this pair is repeated as a polar array, CAAE ABC will be in one plane and
ADE will be another. It should be noted that as B moves on the circle in the clockwise direction, D does so in
the counterclockwise direction. Figs. 9 and 10 show closed-loop arrangements using CAAEs. Fig. 9 also shows
the joints of two connected CAAEs. For one of the four pairs, the vertices are marked as ABC and A 0B 0C 0 so
that one can see how they are connected to each other. One set of joints is shown as gray dots and the other
circles; when the two coincide, they are shown as black dots. As can be imagined from the ﬁgures, the(a) A novel circumferentially actuatable building block shown in three diﬀerent positions (b) a pair of CAAEs with a common
.
A circumferentially actuatable foldable linkage with a = p/4 and eight CAAEs in four conﬁgurations. It consists of eight angulated
ts arranged in four pairs. One of the four pairs is marked in (b). ABC and A 0B 0C 0 are angulated elements with a common point B
. Points C and C 0 move on the circle as shown in the ﬁgures. Points A and A 0, B and B 0 move on radial lines.
Fig. 10. A circumferentially actuatable foldable linkage with a = p/7 and 14 CAAEs.
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which one point of all the CAAEs move. A prototype made using the design of Fig. 9 is shown in Fig. 11.
As is common in the planar foldable linkages, the CAAEs are arranged in two parallel planes in equal number.
For each CAAE in one plane, the corresponding CAEE in the other plane is obtained by taking the reﬂection
about the radial line joining the common point between them. It can be seen for one pair in Fig. 8b as well as
the prototype shown in Fig. 11. The points that traverse along the circle in each plane are connected to a rigid
ring with revolute (hinge) joints. Thus, when the two rings in diﬀerent parallel planes are rotated relative to
each other, one in the clockwise direction and the other in the counterclockwise direction, by the same amount
the linkage radially expands/contracts. Thus, it is amenable for circumferential (rotary) actuation.
It should be noted that the arrangement of the angulated elements of the CAAE (Figs. 9 and 10) looks
slightly diﬀerent from the one used for GAEs 1 and 2. Here, one vertex of each of the angulated element is
connected to a rotatable ring that has its center at the origin. This ring comes about because of the trivial
‘‘crank’’ solution that we noted above (see Eq. (22a)). So, in the eight pairs of PRRP linkages we have here,
each pair consists of the two solutions given by Eqs. (22a) and (22b), one a crank and the other the triangle.
Considering that the tips of the four cranks in one plane move together on the same circle, we can replace them
with a ring. The same is true for the other four cranks that lie in the parallel plane forming another ring. Thus,
it is not a diﬀerent arrangement as it may appear at the ﬁrst sight. In order to see it more clearly, we show an
arrangement wherein the two non-identical PRRP linkages are connected to each other to form an interesting
arrangement. We present that example later in the paper (see Fig. 20).
Next, we discuss how the equations derived so far aid in designing diﬀerent arrangement of planar foldable
linkages.3.1.6. Systematic construction of radially foldable linkages
One of the numerous linkages designed with Eq. (7d) (or Eq. (9)) is shown in Fig. 12 in seven diﬀerent con-
ﬁgurations. It is a homogeneous design in that both PRRP linkages in the pair are identical. That is,
r1 = r2 = r; s1 = s2 = s; t1 = t2 = t. To design this, one needs to choose any two of {r, s, t} arbitrarily and deter-
mine the third using Eq. (9). The angle a is decided by the number of repeating pairs in the circumferential
array. Because, we now understand the conditions for foldability, we can also construct heterogeneous designsFig. 11. Three diﬀerent conﬁgurations of a circumferentially actuated planar radially foldable linkage made using eight CAAEs. (a) The
circle is fully covered in principle but gaps are seen due to the ﬁnite size of the hinges, (b) the circle is partially covered, and (c) the circle is
fully uncovered.
Fig. 12. Seven conﬁgurations of a fully and reversibly foldable linkage, one of the many possible linkages that can be designed with
Eq. (7c). Its parameters are m = 1.5, a = 2p/14, p = q = 1.
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erogeneous designs, as shown in Fig. 3, the enclosing angles (i.e., as) need not be the same but they should all
sum to 360. For each pair, either Eq. (7b) or Eq. (7d) governs the assignment of values to the geometric vari-
ables. Two examples of such heterogeneous foldable linkages are shown in Figs. 13 and 14. While Fig. 13 has a
semi-regular pattern with two diﬀerent pairs of PRRP linkages that are arranged alternately, Fig. 14 has com-
pletely diﬀerent pairs that are used to create the closed loop. Two things can be observed in the linkage of
Fig. 13. First, the shape of its interior polygon (see Fig. 3) is preserved. Second, it is capable of folding com-
pletely. These two properties need not be satisﬁed for an arbitrary arrangement. The conditions for these con-
ditions can be discerned from the equation of the coupler curve with further analysis as discussed below.
3.2. Extent of foldability of heterogeneous arrangements
Hoberman’s angulated element pairs are identical and hence they are foldable completely. But when two
non-identical PRRP linkages are connected together at a common coupler point, they may not in general
be foldable completely. This means that in a circumferentially closed linkage consisting of several such
non-identical pairs, the interior polygon will not be able to shrink to a point or the area of the interior polygon
may not become zero. Then, one needs to analyze the extent of foldability. This can be analyzed once again
with the help of the equation of the coupler curve and insights gained from it.Fig. 13. Four conﬁgurations of a heterogeneous semi-regular fully foldable linkage with two alternating PRRP linkage pairs whose
geometric parameters (a = p/3, /1 = p/2, p = q = 1) satisfy Eq. (7a). The interior polygon (shown with dotted lines) is a hexagon with
equal sides in which adjacent angles are unequal but opposite angles are equal. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)
Fig. 14. Three conﬁgurations of a heterogeneous irregular radially foldable linkage. In this case, the interior polygon (shown with dotted
lines) is an irregular hexagon, which does not retain its shape during folding/expanding. It is also incapable of folding fully.
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Fig. 15 shows a pair of non-identical GAE 1 type PRRP linkages shown with solid and dotted lines for
distinguishing one from the other. Their geometric parameters satisfy Eq. (7b). They share the common cou-
pler point B. Therefore, we have A1B ¼ A2B and C1B ¼ C2B. The locus of B, which is an ellipse, is also shown
in Fig. 15. It is a complete ellipse but only a part of it is shown in the ﬁgure. When this pair is repeated cir-
cumferentially its limits of foldability can be deduced as follows.
In order to prevent the cross-over of diﬀerent PRRP linkage pairs, the angulated element A1BC1 must
remain within its sector enclosed by angle a. Then, the variable angle w1 must lie between a  g1 and
p  g1, where g1 (See Fig. 15) is a ﬁxed value that is determined by the element’s geometric parameters. Sim-
ilarly, we can write a  g2 6 w2 6 p  g2 for the angulated element A2BC2. By noticing that w2 = p  w1, we
can obtain the conﬁguration of the second angulated element whenever the conﬁguration of the ﬁrst one is
chosen for a value of w1. This also tells us that the combined permissible range of w1 is decided by the inter-
section of permissible ranges of w1 and w2. This is one way to characterize the extent of foldability. It should
be noted that the line joining the points A1 and C1 is this pair’s contribution to an edge of the shrinking/
expanding interior polygon. We say that a PRRP linkage pair is fully foldable if these points reach the point
O at the same time. Then, the interior polygon shrinks to a point. This is true for any angle / only when p = q.
The extent of foldability decreases as the diﬀerence between p and q increases from the fully foldable case of
zero diﬀerence. Fig. 16 shows a case of a partially foldable linkage consisting of six PRRP linkage pairs that
satisfy Eq. (7b) and for which p5 q. Contrast this with the one in Fig. 13 to see that the ends of the two dif-
ferent angulated elements (shown in (red) solid lines and (blue) dashed lines) do not reach the center at the
same time in Fig. 16 but they do so in Fig. 13.
Another way to quantify the extent of folding is to compute the major axis of the ellipse traced by the com-
mon coupler point. This is because this is how far the point B can move away from O. Because we know theFig. 15. The extent of folding of a PRRP linkage pair with dissimilar angulated elements that satisfy Eq. (7a) along with locus of the
elliptical coupler curve of the common point B.
Fig. 16. Four conﬁgurations of a heterogeneous semi-regular foldable linkage with two alternating PRRP linkage pairs whose geometric
parameters (a = p/3, /1 = p/2, p = 1, q = 0.5) satisfy Eq. (7a). The interior polygon (shown with dotted lines) is a hexagon with equal sides
in which adjacent angles are unequal but opposite angles are equal. Its shape changes during folding. Its interior polygon does not shrink
to a point; instead it assumes a ‘folded star’ conﬁguration as seen in (a). However, its area does become zero. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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the geometric parameters of the PRRP linkage) of the equation of the coupler curve (i.e., Eq. (4)).Fig. 17
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ð23ÞThe above expression helps verify that the major axis of the ellipse increases with decreasing a for given values
of p and q. This means that we need to use a large number of PRRP linkage pairs in order to get a closed-loop
radially foldable linkage that has a large ratio of maximally expanded size to minimally contracted size. This is
pictorially illustrated in Fig. 17.3.2.2. The case of GAE 2
The analysis of the extent of foldability for the case of a PRRP linkage pair that satisfy Eq. (9) or Eq. (7c)
(i.e., GAE 2) can be done in the same way as it was done for GAE 1 type. But some diﬀerences exist as
explained below.
Fig. 18 shows the pair of PRRP linkages that satisfy Eq. (7c). Therefore, triangles A1BC1 and A2BC2 are
similar, and /1 = /2 = p  a. The common coupler curve for this pair is aligned with the radial line OB. The
two triangles must remain within the sector enclosed by a to avoid crossover with other pairs in a polar
arrangement of the complete linkage. This imposes the following bounds on w1 and w2.a g 6 w1 P p g
a g 6 w2 P p g ð24Þwhere g = \BA1C1 = \BA2C2. Furthermore, from Fig. 18, we can write the following relationship between w1
and w2, which is the condition for assembling them together to have the common coupler point.m sinðw2Þ ¼ sinðw1Þ ð25Þ. The larger the number of PRRP linkage pairs the larger the extent of expansion/contraction. All have p = q = 1, /1 = 2p/3 but
nt a = 2p/n. They are drawn to the same scale in folded and deployed conﬁgurations. (a) n = 4, (b) n = 8, (c) n = 16. The elliptical
the coupler curves are also shown.
Fig. 18. The extent of folding of a PRRP linkage pair with dissimilar angulated elements that satisfy Eq. (7c) (or Eq. (9)).
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pair’s contribution to the interior polygon. This line would shrink to a point only if p1 = q1 and m = 1. This
condition gives the very special case of Hoberman’s angulated element pair. Thus, for a chosen value of a,
GAE 2 type has only one possibility for a fully foldable linkage while GAE 1 type has many.
It can be observed that the maximum radial distance traversed by point B occurs when w1 (or w2 for the
other PRRP linkage) equals p/2. After this, when w1 takes further values permitted by Eq. (24), point B
reverses its direction and retraces its path along its radial line. Because the two pairs are connected together,
the farthest radial distance of B is given by max(p1/sin a1, p2/sin a1) as can be deduced from Fig. 18. It will be
shown later that a1 is equal to \A1C1B = \A2C2B. When a heterogeneous combination of PRRP linkage pair
is considered (i.e., when m5 1), the extent of foldability can be seen by plotting the radial distance of B
against c, which is given by c = w + \BAC. This is done in Fig. 19 for three diﬀerent cases of PRRP linkages.
The permissible range of c is shown for each case is show. When any two of these are chosen to form a pair,
the combined permissible range is to be chosen such that the radial distance is the same. This is indicated by
the dashed (black) line in Fig. 19.
Further minor nuances of foldability can be observed when we consider diﬀerent branches of a heteroge-
neous pair. The concept of branch here refers to two diﬀerent ways a PRRP linkage can be assembled and is
well known in the kinematics literature (Erdman et al., 2001).
3.3. Shape-preservation of the interior polygon
You and Pellegrino (1996) presented some foldable linkages where the interior polygon (see Fig. 3) can
assume a variety of symmetric or arbitrary shapes. But not all of them preserve that shape as the linkage
moves with a single degree of freedom. No conclusive conditions for shape-preservation were given in that
work. Such conditions can now be derived by continuing the analysis of foldability with more insight as done
next.
By noting that the side of the interior polygon is given by A1C2 in Figs. 15 and 18 for GAE 1 and 2, respec-
tively, we can derive the analytical expressions for OA1 and OC2 in terms of the single degree of freedom, w1 as
follows:OA1 ¼ Bx  p1 cosw1 ð26aÞ
OC2 ¼ fBx þ q2 cosðp /2 þ w2Þg2 þ fBy þ q2 sinðp /2 þ w2Þg2
h i1=2
ð26bÞwhere (Bx, By) are the coordinates of point B that can be derived for GAE 1 and GAE 2 cases, and w2 can be ex-
pressed in terms of w1 using Eq. (25). Now, it is a simple matter to see when the shape of the interior polygon will
be preserved: the velocities of points A1 and C2 should be proportional to their distances from O. The velocities
can be obtained by diﬀerentiating Eqs. (26a) and (26b) with respect tow1 and thenmultiplying byw1. Then, A1C2Fig. 19. Extent of foldability of heterogeneous PRRP linkages that satisfy Eq. (7c) (or Eq. (9)).
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criterion for shape-preservation leads to the following conditions for GAE 1 and GAE 2.Fig. 20
linkag
polypr
angula
Fig. 21
linkagGAE 1 : p ¼ q ð27aÞ
GAE 2 : p ¼ q and m ¼ 1 ð27bÞThe generality of GAE 1, when compared with GAE 2, can be noted once again because /1 and /2 can be
chosen for GAE 1 whereas /1 is ﬁxed for GAE 2 for a chosen value of a even under the conditions for
shape-preservation given above. Examples of shape-preserving and shape-changing heterogeneous arrange-
ments for GAE 1 and GAE 2 are shown in Figs. 20 and 21, respectively. It can be seen that when the shape
is preserved the interior polygon shrinks to a point. When the shape is not preserved, the polygon shrinks to a
star conﬁguration (see Figs. 20c and 21b). It is also pertinent to note that the ﬁnite size of the joints and mem-
bers will prevent even the fully foldable linkage from folding fully. This can be seen Fig. 20d. There could be. (a) A shape-preserving heterogeneous design based on GAE 1 with a = 2p/10, /1 = p/2, p = q; (b) the interior polygons of the
e of (a) as they shrink to a point at the center; (c) shape-changing polygons when p = 2q/3; (d) three conﬁgurations of a
opylene (white)—plexiglas (transparent) prototype of a heterogeneous partially foldable linkage constructed with two types of
ted elements based on the linkage of (a).
. (a) A shape-changing heterogeneous design based on GAE 2 with a = 2p/18, p = q, m = 1.5; (b) the interior polygons of the
e of (a) as the shrink to a star conﬁguration at the center; (c) shape-preserving polygons when m = 1.
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2004) for complete coverage in desired conﬁgurations during folding.3.4. Multi-segment assemblies
You and Pellegrino (1996) note that the angulated element need not contain only two segments with one
kink and that it can have many kinks. The GAE 2 type radially foldable multi-segment linkage prototype cre-
ated using You and Pellegrino’s concept is shown in Fig. 22. Analytical insights gained with Eq. (9) reveals an
interesting property that enables generalized construction of such multi-segment assemblies for GAE 2 type.
Because no special restriction exists on the elliptical coupler curve of GAE 1 type, the multi-segment assembly
is even more general for that case. We discuss only GAE 2 below.
Consider the PRRP linkage shown in Fig. 23 with parameters {p, q, a, /} that satisfy the radial-line coupler
point condition of Eq. (9). For a chosen a, since p and q can be proportionately changed to ﬁx the size of the
linkage, there is only freedom to choose the coupler point B by choosing the value of q/p. It can be shown that
B can lie anywhere on the (red) circle shown in Fig. 23. It was also noticed by Kassabian et al. (1999) and
Jensen (2001). This can be understood from the fact that OABC is a cyclic quadrilateral as its opposite angles
sum to p by virtue of Eq. (15). Thus, any number of uniformly or non-uniformly spaced points on the entire
arc (actually the circle in its entirety) can be used for creating the multi-segment assembly. As shown inFig. 22. A multi-segmented prototype of a radially foldable planar linkage of GAE 1 type.
α
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y
ν
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Fig. 23. The circle as the possible locations of the coupler point to have a radial line as its locus. This can be used to construct the
generalized multi-segment assembly. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web
version of this article.)
Fig. 24. Translation and spin of radial-line coupler-point circle that helps create multi-segment assemblies. The locus of the center of the
circle is shown in (d) with dotted (red) arc. P is the center of the circle. (For interpretation of the references to colour in this ﬁgure legend,
the reader is referred to the web version of this article.)
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The radius of the circle, R, is given by:R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2 þ q2  2pq cosðp aÞp
2 sin a
ð28ÞThe cyclic quadrilateral property also leads to the following useful relationships for the angles in the same seg-
ment of a circle. One of them was used earlier in this paper (but was not proved there).g ¼ a2 ð29aÞ
m ¼ a1 ð29bÞThese relationships are useful in the design of multi-segment and single-segment assemblies of GAE 2 type
foldable linkages.
4. Discussion
Based on the concepts, foregoing analysis and design criteria, it is possible to answer the questions posed in
the introductory section of this paper. We now know the relationships among the geometric parameters of a
foldable closed-loop planar linkage. Additionally, we also know to what extent it can fold. We are also able to
deﬁnitively verify the conditions for preserving the shape of the interior polygon during folding. More impor-
tantly, the known inventions of Hoberman (1991) and You and Pellegrino (1996) are proved to be systemat-
ically derivable using the equation of the coupler curve given in Eq. (4). While GAE 1 type PRRP linkage pairs
obey a condition derived in Eq. (7b), GAE 2 type is another general type because each PRRP linkage in the
pair has the unique property of tracing a radial line by its coupler point. It should also be noted that a hitherto
unknown conﬁguration of circumferentially actuated building block, CAAE, has been systematically obtained
by reducing the coupler curve to a circle.
The systematic design of planar radially foldable linkages and their many interesting properties discussed
above have all been made possible by the equation of the coupler curve wherein a repeating building block is
interpreted as an over-constrained linkage. This approach is simple but eﬀective. Previously reported analyses
of this kind of movable over-constrained linkages used geometric intuition or mathematical formalisms such
as screw theory. Compared to those, the approach described in this paper has revealed more analytical insight
and has led to easy methods for design. Whether this approach (of identifying coupler curve loci and requiring
them to coincide) extends to 3-D with the same ease is to be investigated. Furthermore, it should be noted that
the kinematic theory of this paper does not yet prove a more general angulated element presented by You and
Pellegrino (1996), which contains intermediate parallelograms. Systematic derivation of that element consti-
tutes a useful future extension of this theory.
5. Closure
In this paper, we presented a kinematic theory behind Hoberman’s and other inventions related to planar,
radially foldable linkages. Apart from rigorously explaining why over-constrained linkages such as
J. Patel, G.K. Ananthasuresh / International Journal of Solids and Structures 44 (2007) 6279–6298 6297Hoberman’s structures have mobility, we showed that known types of foldable linkages can be derived by
using a simple algebraic equation and even simpler design criteria. These criteria were derived from the kine-
matic interpretation that the basic building block in the radially foldable linkages is a pair of prismatic-rev-
olute-revolute-prismatic (PRRP) linkages. The algebraic equation of the locus of the coupler point of the
PRRP linkage helps derive the reported inventions. It also helps in providing further design insights into sev-
eral interesting properties such as foldability, shape-preservation, heterogeneous arrangements, multi-segment
assemblies, etc. A new special arrangement of circumferentially actuatable arrangement is found with the help
of the kinematic theory presented in this paper. A more general building block containing intermediate par-
allelograms, as reported by You and Pellegrino (1996), is yet to be proved with the help of this theory. Future
extensions of this approach include shape-synthesis of links for non-overlapping, complete coverage of the
folding space as well as 3-D radially foldable linkages. Applications of the theory presented here to deployable
structures for architectural, space and other structures will be pursued in our future work.
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Appendix A
As shown in Figs. 7d and e, when {r, s, t} are used as the parameters that deﬁne an angulated element, the
equation of the coupler curve can be cast in the following form.ðr2 tan2 aþ t2 tan2 aÞx2 þ ðt2 tan2 aþ s2 tan2 aþ 2rt tan aþ 2ts tan aþ r2 þ s2 þ 2rsÞy2
þ 2ðrt tan2 a ts tan2 a r2 tan a rs tan aÞxyþ ð2t3s tan a t2r2  s2r2 tan2 a
 2rt3 tan a 2rt2s r42 tan2 a t4  s4 þ 2r2ts tan aþ 2rt2s tan2 aÞ ðA:1ÞThe derivation of the above equation follows the same procedure as the one used to get this in terms of {p, q, /}.
Now the conditions for the reducing this to the equation of the circle (Eq. (5f)) gives the following.h ¼ rt tan2 a ts tan2 a r2 tan a rs tan a ¼ 0
) rt tan a ts tan a r2  rs ¼ 0 ðA:2Þ
) ðrþ sÞ rþ t tan að Þ ¼ 0
) ðiÞr ¼ s or ðiiÞr ¼ t tan a
a ¼ r2 tan2 aþ t2 tan2 a 
b ¼ t2 tan2 aþ s2 tan2 aþ 2rt tan aþ 2ts tan aþ r2 þ s2 þ 2rs  ðA:3Þ
a ¼ b ) r2 tan2 a s2 tan2 a 2rt tan a 2ts tan a r2  s2  2rs ¼ 0Solution (i) of Eq. (A.2) implies that the angulated element is folded back on itself implying that the kink angle
is zero as stated in Eq. (22a). This is the trivial case of crank rotating about the center yielding a circle as the
coupler curve. Solution (ii) of Eq. (A.2), when substituted into Eq. (A.3), yields:r2 tan2 a s2 tan2 aþ 2r2  2ts tan a r2  s2 þ 2ts tan a ¼ 0
) r2 tan2 aþ r2 ¼ s2 tan2 aþ s2
) r2 ¼ s2 ) r ¼ s
ðA:4ÞOn again, disregarding r = s, we will be left with only one non-trivial solution that satisﬁes both Eqs. (A.2)
and (A.3), which is given by
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r ¼ t tan a ðA:5ÞEven though the negative sign appears in the second equation of Eq. (A.5), it is still meaningful as we can take
point B in Figs. 5e and f on the other side of line AC so that points {A, B, C} are in the clockwise direction
rather than the counterclockwise direction. Eq. (A.5), which shows the conditions for CAAE, can be expressed
in terms of the original parameters of the angulated element, {p, q, /}. By referring to Figs. 5c and e, we can
see thatr ¼ s ) p ¼ q
r ¼ t tan a) u ¼ 2a ðA:6ÞBy substituting the conditions of Eq. (A.6) into eqn. (21), it can be veriﬁed that the former satisﬁes the latter.
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